Abstract. Let C be a smooth curve with gonality k ≥ 6 and genus g ≥ 2k 2 + 5k − 6. We prove that W 1 d (C) has the expected dimension and that the general element of any irreducible component of
A line bundle L on a smooth curve C of genus g ≥ 4 is said to be primitive if it is spanned and both L and ω C ⊗ L ∨ are spanned, i.e. if it is spanned and h 0 (L(q)) = h 0 (L) for all q ∈ C (sometimes one also imposes that L = O C and L = ω C ) ( [7] , [8] ). Since L is primitive if and only if ω C ⊗ L ∨ is primitive, to study primitive line bundles on C it is sufficient to know the ones with 0 < deg(L) ≤ g −1.
Let C be a smooth curves of genus g ≥ 4 with gonality k. If either g = k(k − 1)/2 or C is not isomorphic to a smooth plane curve, then C has a complete and primitive g 1 k . For very low k or for a general smooth curve of genus g the Brill-Noether theory of C is well-known and it gives a complete description of the complete and primitive g r d on C ( [7] , [8] , [9] , [10] ). If g ≥ 11 and k ≥ 5, then a general element of any irreducible component of W (a) C has a complete and primitive g 2010 Mathematics Subject Classification. 14H51. Key words and phrases. Brill-Noether theory; algebraic curve; primitive line bundle; linear series.
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Remark 1.
Fix an integer x ≥ 3. Set w := ⌊x/2⌋, z := ⌊(x − 1)/2⌋, g 1 (x) := 2x(2x − z) − 4x + z + 2 and g 2 (x) := 4x 2 − 2wx + w. Fix an integer g ≥ max{g 1 (x), g 2 (x)}. Let C be a smooth curve of genus g and gonality at least x + 3. The interested reader may reformulate an analogous of Theorem 1 with d = g − x and prove it following verbatim the proof of Theorem 1. In the case g − d = 4 of Theorem 1 it is sufficient to assume that g ≥ 64 (see Theorem 2).
Remark 2. In the exceptional cases of Theorem 1 we have a description of the irreducible components of W Many thanks are due to E. Sernesi for stimulating and interesting conversations.
1. The proofs Lemma 1. Fix integers g, x such that x ≥ 2 and g ≥ 4x + 3. Let C be a smooth curve of genus g. Let T be an irreducible component of
Proof. Since g ≥ 2x + 2, Brill-Noether theory gives W 
. Let u : C → P 1 be the morphism associated to |R ′′ | and let
, a contradiction. Hence C is not birational onto its image, i.e. calling C ′ the normalization of α(C) we get a morphism
Since f computes the gonality of C, we get that C ′ has genus q R ′ > 0 and that C ′ has gonality k/β. First assume q R ′ ≥ 2. Since Γ is irreducible and C has only finitely many nonconstant morphisms to curves of genus between 2 and g − 1 by a theorem of de Franchis, we get that C ′ , β and β ′ do not depend from the choice of
In this step we prove that R has no base points if one of the conditions in part (b) of the statement of Theorem 1 is satisfied. If R has a base point, then part (b) of Lemma 1 with
and with R ′′ as its general member. Let u : C → P 1 be the morphism associated to |R ′′ | and let α :
Hence C is not birational onto its image, i.e. calling C ′ the normalization of α(C) we get a morphism β ′ : C → C ′ with β := deg(β ′ ) ≥ 2 and morphisms f ′ :
Since f computes the gonality of C, we get that C ′ has genus q R ′ > 0 and that C ′ has gonality k/β. First assume q R ′ ≥ 2. Since Γ is irreducible and C has only finitely many non-constant morphisms to curves of genus between 2 and g − 1 by a theorem of de Franchis, we get that C ′ , β ′ and β does not depend from the choice of
We are in the exceptional case allowed in the statement of Theorem 1. Now assume q R ′ = 1. Since C ′ has gonality k/β, we get β = k/2. Hence 2g − 2d − s is divisible by k/2. Since d ≤ g − 2, we have dim(W 1 2g−2d−s (C)) ≥ 3 and hence 2g − 2d − s > k. Therefore 2g − 2d − s = 3k/2. Since q R ′ = 1, we have
(c) Assume the existence of p R ∈ C such that h 0 (R(p R )) = 3. Since R is base point free and h 0 (R) = 2, M := R(p R ) is base point free. Let u : C → P 2 be the morphism induced by |M |. Since R is general in T , we get dim(W 2 d+1 (C)) ≥ 2d − g − 3 and dim(W 2 d+1 (C)) ≥ 2d − g − 2, unless the same general M comes from infinitely many pairs (R 1 , P R1 ) with R 1 general in T . Since a smooth plane curve of degree d + 1 has gonality d > k, either deg(u) > 1 or u(C) is a singular curve. First assume deg(u) = 1. Taking the a linear projection from one of the finitely many singular points of u(C) we get dim(
We are in the exceptional case described in step (b). Now assume deg(u)
we get the same lower bound for dim(W 
Since R is base point free and h 0 (R) = 2, M := R(p R ) is base point free. Since R is general in Γ, we get dim(W 2 g−k+4 (C)) ≥ g − 2k + 3 and dim(W 2 g−k+4 (C)) ≥ g − 2k + 4, unless a general M comes from infinitely many pairs (R, p R ) . Let u : C → P 2 be the morphism induced by |M |. First assume deg(u) = 1. Since g − k + 4 > k + 1 and a smooth plane curve of degree g − k + 4 has gonality g − k + 3 > k, u(C) is a singular curve. Therefore taking a linear projection from a singular point of u(C) we obtain dim(W See also [4] (resp. [5] ) for the existence of spanned pencils on curves which are double (resp. multiple) coverings. By [3, Theorem 2.2] for every integer d ≥ g−k+2 every k-gonal curves of genus g > (3k − 6)(k − 1) has a base point free g (a1) Assume k = 7. Let h : C → P 1 be any degree 7 morphism. Since 7 is a prime number and g > 7 · 7 − 7 − 7 + 1, the genus formula for integral curves contained in P 1 ×P 1 shows that h is unique. Let m be the first integer > 7 such that C has a base point free g Let h : C → P 1 be any degree 8 morphism. Since dim(W 1 9 (C)) ≥ 2, we get the existence of a degree 9 morphism f : C → P 1 . Since 8 and 9 are coprime, the map (h, f ) : C → P 1 × P 1 is birational onto its image, Γ. Since p a (Γ) = 8 · 9 − 8 − 9 + 1, we get g ≤ 56, a contradiction. Now assume dim(W (C)) = 1. Assume k = 7. Since 7 is a prime number and C has at least two g 1 7 , the CastelnuovoSeveri inequality gives g ≤ 7 · 7 − 7 − 7 + 1, a contradiction.
(c) Assume the existence of q R ∈ C such that h 0 (R(q R )) = 3. Since R is general in T , we get dim(W [14] , [15] , [9] for the very ampleness of some g 3 g+1 (case d = g − 3).
